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“In this talk we view uniform random permutations as part of a continuum of random
mapping models and we investigate the component structure of the random mappings in

this continuum as the mappings become (in some sense) more like permutations. ”



Notation:
e n|=1{1,2,...n}
e M, = the set of all mappings f : [n| — [n]
e S,, = the set of all permutations ¢ : [n| — [n]

e For f € M, G(f) denotes the directed n labelled vertices which ‘represents’ the
mapping f - i.e. there is a directed edge i — j in G(f) iff f(i) = j.
NB The directed graph G(f) is characterised by the feature that every vertex has

out-degree 1.



ifo € 5, the G(O’) is the directed graph that represents the cycle structure of o:

Example
oe S,
X 5
/ Q G (o)
6 ‘ &-‘—-— 2= ™
o 3

Important: Every vertex in G(a) has in-degree 1 (as well as out-degree 1).



If f € M, \ Sn,then G(f) consistes of directed cycles with directed trees attached to
the cycles:
Example



It T" is a random element of M,,, then G(T') is a random directed graph on n labelled
vertices and we can ask ‘statistical’ questions about the distribution of structural variables
associated with G(7T'), e.g.

e number of connected components in G(T')
e size of a ‘typical’ component in G(T)
e number of cyclical vertices in G(T')

e size of the largest tree in G(T'), etc.



Two important examples

o, - uniformly distributed random element of S,,

T}, - uniformly distributed random element of M,,

Main idea: o,, and 7}, can be viewed as random mappings that are at either end of a

continuum of random mapping models.



Model for random mappings with bounded in-degrees

Suppose that m> 1 is fixed and suppose that we have an urn which contains m balls
labelled i fori= 1, 2, ..., n.
Select n balls from the urn, one by one and without replacement, from the urn and define

the random mapping 1, ., by setting
T,.m(i) = j iff '™ removed from the urn is labelled 7.

Note:

e The parameter mis an upper bound on the in-degree of the vertices in G(Tn,m) and

when m= 1, we have 1}, 1 = o,
e If nis fixed, then 1,, ,, ‘converges’ to 1, as m — o©.

Main point: We are interested in comparing the structure of G (7, ,,,) to the structure of

G(oy) and G(T},).



Example: Size of a ‘typical’ component in G(7, ,,)

Forany f € M, let C1(T') = the size of the component in G( f) that contains the

vertex labelled ‘1°.

Uniform random permutations: For1 < k£ < n,

P{Ci(0n) =k} =

andforO < a < b < 1,

lim P{a < <

< b} = / ldx.
n— 00
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Uniform random mappings: Forl < k <n

P{OV(T,) = k} = (MEn =R i U%

andfor0 < a < b < 1,

T, |
lim P{a < Gi(Tn) < b} :/ dz.
n— 00 n o 21—

Remark: For both uniform random permutations and uniform random mappings, the

limiting densities are Beta densities of the form fp(x) = (1 — x)? "1 for 0 < x < 1.

Q. What can we say about the exact and asymptotic distribution of C'y (17, 1, )?
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Detour: Random mappings, Té) , With exchangeable in-degrees

Notation: For any sequence of non-negative integers di, ds, ..., d,, such that
S di =n,let My, (dy,ds, ..., d,) = set of all mappings from [n] — [n] with
in-degree sequence (d1,da, ..., d,).

Construction of Tnl? :

Start with a sequence lA?l, lA?g, .. n Of exchangeable, non-negative, integer-valued

. D
Y
random variables such that Z;’;l D; = n, then the random mapping TTZL) is constructed

as follows:

e Suppose that D; =d;, fori = 1,2,...,n.

e Given that lA?z =d;,fori =1,2,...,n,
choose a mapping f uniformly from M, (dy, da, ..., dy,).

° SetTnf) = f.
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Key Point: There is a calculus based on the variables lA?l, ﬁg, eey lA?n for computing the

distribution of many variables associated with the structure of G(T, nﬁ ).
Example: Forany f € M,,, let X,,(f) = the number of cyclical vertices in G( f).

Theorem
. L . A oA A
P{X,(T?) =k} = — kE((Dl — 1)D1 Dy --- Dy,)

forl < k<n-—1,and

P{X,(T?) =n} = E(D:Ds---Dy,).
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Some (easy) consequences of the Theorem

1. Given that Xn(TT? ) =k, Tnl? restricted to the cyclical vertices of G(T, 7{7 )is a
uniform random permutation. It follows that the number of components in G(Tnb)
equals the number of cycles in the ‘induced’ random permutation. So, using the
Theorem and known results for uniform random permutations, we can obtain the

distribution of the number of components in G(TnD).

2.
P{G(TT]?) is connected ) = P{ induced permutation is cyclical }
mn 1 .
— Z EP{Xn(TnD) = k}
k=1

A

3. Using 2 above, we obtain (with a bit more work) the distribution of C (T'°)
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Sketch of proof of Theorem:

Let L,,(f) = { the cyclic vertices of G(f)}, where f € M,,.
step 1: P{X,,(T) = k} = (1) P{L.(TP) = [k]}.

Step 2: Use the Partition Theorem to compute P{En(TT?) = [k]}.

To do this, we need to determine

{f € M(ds, . dn) = Lalf) = [}

P{L,(T) = [K]| Di = di,1 <i<n} = M (dy, da, oy )]

Note: (M, (d1,do, ..., d,)| = (d1 e )

n

To determine |{f € M(dy,...,d,) : L,(f) = [k]}]
we exploit a bijection (!) between M, (d1, d2, ..., d, ) and
Sn(dy,ds, ..., d,) = {sequences of length n with d; occurrences of each i }.
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Back to 1, ,,
Suppose that DT*, D", ..., D" arei.i.d. Bin(m, p) random variables.

Let 1571”, ; 5y e lA)?T be a sequence of random variables with distribution given by

inn — n}
i=1

P{D" =d;,..,.D"=d,} =P {D;’” =d,....,D" =d,

Then
d .
jn,m ~ jnD(m>
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Using the calculus for random mappings with exchangeable in-degrees, we obtain:
Theorem 1
ForO0<a<b<ooand1l < m < oo,

lim P {a < X”(f%m) < b} - /ab (mT_l) 2 exp (_(mé;ll)ﬁ) da

Theorem 2
ForO0<c<d<landl <m < oo

d
lim P {c < ¢ (Tnm) < d} :/ ! dx.
n— 00 n c 2m

Q. How much more to we have to restrict the in-degrees of a random mapping in order to

see ‘transition’ in the component structure of a random mapping?
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Transition model

1. Start with n. blue balls, numbered 1, 2, ..., n and n red balls, numbered 1, 2, ..., n.

2. Remove 7 red balls at random, where 0 < r» < n and leta = n — r = number of red
balls remaining in the urn.

3. Remove n balls, one at a time, at random and without replacement, from the urn and
define the random mapping Tn,a by

A

T).o(i) = j iffthe i" ball removed from the urn is numbered 7.

Note: Tn70 — 0, and Tn,n = dn 2.

So the models 13, 1,15, 2, ..., In. n—1 lie ‘between’ o, and 15, o.

Goal: To understand the (asymptotic) structure of Tn,a as a function of a (and of n).
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Good news

A

The models 1, ., are also examples of random mappings with exchangeable in-degrees.

Not so good news

A

The joint distribution of the in-degree variables lA)j‘,n, 2 my e ZA??‘}M is not so easy to

work with - but it is still possible to get exact and asymptotic results.
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Theorem 3
Suppose thata — coasn — oo, thenforany 0 < o < 8 < o0

n— 00 n -+ a

B
lim P {a < va X (Th.q) < ﬁ} :/ 22 exp(—z°)dz.

Ifa > lisfixedasn — oo, thenfor() < o < B < 1,

X (L. ’
P {a < (Tn.a) < B} = / 2a0x(1 — 2*)* 'dz.
n (8%
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Theorem 4 Suppose thata — coasn — oo, thenforany 0 < o < 5 < 1

I B
Iim PL{a< 1 (Tn,o) <p :/ L dzx.
n— 00 n Qo 2\/1 — X

lfa > lisfixedasn — oo, thenfor) < a < 8 < 1,

P {a < ¢ (f”’“) < 5} — /jbza; <2bb) B (2)2(23})2”(1 — )2 %ty

Discussion ...
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Thank you!
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